ABSTRACT. This introductory paper presents a method for the analysis of differential equations with polynomial coefficients which also provides a further insight into the Stokes Phenomenon. The method consists of a chain of steps based on the concept of the Stokes Structure and Fourier-like transforms adjusted to this Stokes Structure. Although the main object here is Bessel's equation our approach can be extended to more general matrix equations. It will be shown (i) how to derive the Stokes Structure directly from differential equations without any previous knowledge of Bessel or hypergeometric functions, (ii) how to adjust Fourier transforms to the Stokes Structure, (iii) how to answer questions on the interrelation between formal and actual solutions of Bessel's equation using Fourier Analysis, and finally (iv) how to evaluate the coefficients of the Stokes Structure, thus providing a new insight into the Stokes Phenomenon.
Introduction
In [4] , [5] an approach for the study of a general class of matrix differential equations with polynomial coefficients was presented. However, this study does not cover many equations which require special attention. One such case is the classical Bessel's equation. It was explained in [3] how to derive properties of solutions of Bessel's equation from the Fourierdual hypergeometric equations. In particular, it was shown how the monodromic properties of hypergeometric functions are transfered to solutions of Bessel's equation as algebraic relations. It is natural to introduce the Fourier-dual operators 
It is not difficult to check that the formal power series È ½´Þ µ È ¾´Þ µ can be represented respectively as formal Laplace transforms of the formal hypergeometric series
while the phase amplitudes È ½´Þ µ È ¾´Þ µ can be represented as classical Laplace transforms of (1.13), (1.14) respectively, see [3] . In other words, these formal series and the phase amplitudes are generated in the same manner by different branches of the same hypergeometric function.
Moreover, using (1.4), (1.5) we obtain the following integral representations of Hankel functions which, upon using the monodromic properties of hypergeometric functions, yield the following monodromic relation, see [3] (1.20)
where Ì ½ Ì ¾ are complex constants. This relation suggests an algebraic structure for the phase amplitudes È ½´Þ µ È ¾´Þ µ on the Riemann surface of log z, which will form the basis of our present investigation. The principal idea of this paper is to apply Fourier transforms to this algebraic structure rather than to the original differential equation. It should be noted in fact that our approach presented in Sections 2, 6, 7, 8, 9, 10 to follow does not depend on the original differential equation. Ë È ½´Þ µ È ¾´Þ µ
The Stokes

From Differential Equation to Ë
This technique does not require any previous knowledge or properties of the solutions of (1.1) nor of the hypergeometric functions.
DEFINITION The rays In terms of È ½´Þ µ È ¾´Þ µ the differential equations (1.7) together with conditions (3.4) can be equivalently rewritten respectively as (3.5)
The integral equations (3.5), (3.6) can be analyzed using successive iterations to construct the unique solutions È ½´Þ µ È ¾´Þ µ satisfying inequalities (3.4) respectively, see, for example [2] . Further analysis of these integral equations for a specially chosen Ð shows that È ½´Þ µ È ¾´Þ µ form in fact the Stokes Structure Ë defined above by (2.7).
Formal and Actual Solutions
Choosing the separation ray arg Þ ¼ as the paths of integration in (3.5), (3.6) respectively to construct the solutions È ½´Þ µ È ¾´Þ µ and using the uniqueness of this pair and that of À´½ µ ´Þµ À´¾ µ ´Þµ also yield 
Formal substitution of these solutions into (1.1) yield, after canceling the exponentials, power series in Þ ½ with zero coefficients. However, the above power series are clearly factorially divergent for any Þ if is not a half integer. Thus, these solutions can be regarded as formal solutions as opposed to actual solutions.
Three natural questions arise immediately:
(1) how to relate the pair of formal solutions one to another, . To answer the third question, Poincaré (1886) considered formal solutions as asymptotic representations of actual solutions. However, as discovered a century later, see [1] , this approach is not satisfactory since it does not answer question (1) altogether, only answers partially question (2), and does not provide sufficient information about the remainder.
The Stokes Phenomenon
Using (4.1), (4.2) the monodromic relations (2.5), (2.6) can be rewritten in terms of À´½ µ ´Þµ, À´¾ µ ´Þµ as Starting with the Stokes Structure we will present a technique that answers questions (1)-(3). The culmination of our approach will be to answer question (4), obtaining explicit expressions for the connection coefficients independently of any knowledge of the actual solutions of the differential equation. 
Fourier-Like Transforms
From Ë to Formal Power Series
Consider the special cases of Fourier-like transforms (6.3) for À´Þµ Þ ´Þµ ½. These are nothing but the Borel transforms of È ´Þµ The symbol fps means that (8.5) should be perceived on the level of formal power series.
Formal Series as Strong Expansions
Although for an element È of the Stokes Structure (2.7)
it is not at all obvious that the Stokes Structure guarantees the next limits In fact the formal series (9.3) are much better and more precise asymptotic expansions for È ´Þµ than the Poincaré expansions. 
These expansions are known as strong asymptotic expansions, see [7] , [6] . In contrast to Poincaré expansions they have the following uniqueness property: 
Evaluation of Borel Transforms
Now let us return to Bessel's equation ( 
Interrelation between Solutions
It follows from (11.4) and (8.1) that the Borel transforms of the phase amplitudes of the Hankel functions are in fact the hypergeometric functions, while the formal Borel transforms of the formal power series are the corresponding (formal) hypergeometric series. 
Ì ¾ Ó× ½ ¾
It is worth noting that generally it is impossible to express Ì in terms of known fuctions.
Their integral representation should be used to evaluate them asymptotically for extremal values of parameters of the differential equation.
Their Taylor series representation should be used for their numerical evaluation.
Conclusions
We have shown that the Stokes Structure Ë is of fundamental importance. Starting with Bessel's equation (1.1) we derived Ë and introduced and studied Fourier-like transforms adjusted to Ë. These yielded formal power series that are in fact formal solutions of (1.7). Furthermore, as shown by (12.9) the phase amplitudes and their respective formal series are generated in the same manner by different branches of the same hypergeometric function. These provide the basis for a systematic chain of steps to answer questions (1), (2), (3), (4) above, and an approach which can be extended to matrix equations with many applications.
